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Abstract 

We compute the Hochschild cohomology groups HH*(A) in case A is a triangular 
string algebra, and show that its ring structure is trivial. 

1 Introduction 

Let A be an associative, finite dimensional algebra over an algebraically closed field k. It 
is well known that there exists a finite quiver Q such that A is Morita equivalent to kQ/I, 
where kQ is the path algebra of Q and I is an admissible two-sided ideal of kQ. 

A finite dimensional algebra is called biserial if the radical of every projective indecom- 
posable module is the sum of two uniserial modules whose intersection is simple or zero, 
see [10]. These algebras have been studied by several authors and from different points of 
view since there are a lot of natural examples of algebras which turn out to be of this kind. 

The representation theory of these algebras was first studied by Gelfand and Ponomarev 
in [H]: they have provided the methods in order to classify all their indecomposable rep- 
resentations. This classification shows that biserial algebras are always tame, see also [20] . 
They are an important class of algebras whose representation theory has been very well 
described, see [2 [6]. 

The subclass of special biserial algebras was first studied by Skowroriski and Waschbiich 
in [E] where they characterize the biserial algebras of finite representation type. A classi- 
fication of the special biserial algebras which are minimal representation-infinite has been 
given by Ringel in [16j . 

An algebra is called a string algebra if it is Morita equivalent to a monomial special 
biserial algebra. 
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The purpose of this paper is to study the Hochschild cohomology groups of a string 
algebra A and describe its ring structure. 

Since A is an algebra over a field k, the Hochschild cohomology goups HH l (A, M) with 
coefficients in an ^4-bimodule M can be identified with the groups Ext^_ j4 (^4, M). In par- 
ticular, if M is the ^4-bimodule A, we simple write HH*(^4). 

Even though the computation of the Hochschild cohomology groups HH*(^4) is rather 
complicated, some approaches have been successful when the algebra A is given by a quiver 
with relations. For instance, explicit formula for the dimensions of HH l (A) in terms of 
those combinatorial data have been found in [U EJ El HH IE]. In particular, Hochschild 
cohomology of special biserial algebras has been considered in 119] . 

In the particular case of monomial algebras, that is, algebras A = KQ/I where I can 
be choosen as generated by paths, one has a detalied description of a minimal resolution 
of the A-bimodule A, see [3]. In general, the computation of the Hochschild cohomology 
groups using this resolution may lead to hard combinatoric computations. However, for 
string algebras the resolution, and the complex associated, are easier to handle. 

The paper is organized as follows. In Section 2 we introduce all the necessary terminology. 
In Section 3 we recall the resolution given by Bardzell for monomial algebras in [3]. In 
Section 4 we present all the computations that lead us to Theorem 14.31 where we present the 
dimension of all the Hochschild cohomology groups of triangular string algebras. In Section 
5 we describe the ring structure of the Hochschild cohomology of triangular string algebras. 

2 Preliminaries 

2.1 Quivers and relations 

Let Q be a finite quiver with a set of vertices Qo, a set of arrows Q\ and s,t : Q\ — > Qo 
be the maps associating to each arrow a its source s(a) and its target t(a). A path w of 
length I is a sequence of I arrows a% . . . ai such that t(a{) = s(aj+i). We denote by \w\ the 
length of the path w. We put s(w) = s(a±) and t(w) = t(ai). For any vertex x we consider 
e x the trivial path of length zero and we put s(e x ) = t(e x ) = x. An oriented cycle is a non 
trivial path w such that s(w) = t(w). If Q has no oriented cycles, then A is said a triangular 
algebra. 

We say that a path w divides a path u if u = L(w)wR(w), where L(w) and R(w) are not 
simultaneously paths of length zero. 

The path algebra kQ is the A;- vector space with basis the set of paths in Q; the product 
on the basis elements is given by the concatenation of the sequences of arrows of the paths 
w and w' if they form a path (namely, if t(w) = s(w')) and zero otherwise. Vertices form a 
complete set of orthogonal idempotents. Let F be the two-sided ideal of kQ generated by 
the arrows of Q. A two-sided ideal I is said to be admissible if there exists an integer m > 2 
such that F m C I C F 2 . The pair (Q, I) is called a bound quiver. 
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It is well known that if A is a basic, connected, finite dimensional algebra over an alge- 
braically closed field k, then there exists a unique finite quiver Q and a surjective morphism 
of ^-algebras v : kQ —> A, which is not unique in general, with I v = Ker v admissible. The 
pair (Q, I v ) is called a presentation of A. The elements in I are called relations, kQ/I is said 
a monomial algebra if the ideal I is generated by paths, and a relation is called quadratic if 
it is a path of length two. 

2.2 String algebras 

Recall from [T5] that a bound quiver (Q, I) is special biserial if it satisfies the following 
conditions: 

51) Each vertex in Q is the source of at most two arrows and the target of at most two 
arrows; 

52) For an arrow a in Q there is at most one arrow f3 and at most one arrow 7 such that 
a/3 I and 7a g" I. 

If the ideal I is generated by paths, the bound quiver (Q, I) is string. 

An algebra is called special biserial (or string) if it is Morita equivalent to a path algebra 
kQ/I with (Q,I) a special biserial bound quiver (or a string bound quiver, respectively). 

Since Hochschild cohomology is invariant under Morita equivalence, whenever we deal 
with a string algebra A we will assume that it is given by a string presentation A = kQ/I 
with I satisfying the previous conditions. We also assume that the ideal I is generated 
by paths of minimal length, and we fix a minimal set 1Z of paths, of minimal length, that 
generate the ideal /. Moreover, we fix a set V of paths in Q such that the set {7 + /, 7 G V} 
is a basis of A = kQ/I. 

3 Bardzell's resolution 

We recall that the Hochschild cohomology groups HH*(t4) of an algebra A are the groups 
Fjxt l A _ A (A, A). Since string algebras are monomial algebras, their Hochschild cohomology 
groups can be computed using a convenient minimal projective resolution of A as >l-bimodule 
given in [3]. 

In order to describe this minimal resolution, we need some definitions and notations. 

Recall that we have fix a minimal set 7Z of paths, of minimal length, that generate the 
ideal I. It is clear that no divisor of an element in 1Z can belong to TZ. 

The n-concatenations are elements defined inductively as follows: given any directed path 
T in Q, consider the set of vertices that are starting and ending points of arrows belonging 
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to T, and consider the natural order < in this set. Let 1Z(T) be the set of paths in 1Z that 
are contained in the directed path T. Take p\ € 1Z(T) and consider the set 

Li = {p € K(T) : s( Pl ) < s(p) < t( Pl )}. 

If L\ / 0, let P2 be such that s(p2) is minimal with respect to all p € L\. Now assume that 
Pi,P2, ■ ■ ■ ,Pj have been constructed. Let 

L j+1 = {pe 1Z(T) : tfa-!) < s(p) < t( Pj )}. 

If Lj + i ^ 0, let Pj+i be such that s{pj + \) is minimal with respect to all p G Lj + ±. Thus 
{pi, . . . ,p n -i) is an n-concatenation and we denote by w(pi, . . . ,p n ~i) the path from s(p±) 
to t(p n -i) along the directed path T, and we call it the support of the concatenation. 
These concatenations can be pictured as follows: 

Pi Pa P5 



P2 PA 

Let APq = Qq, AP\ = Qi and AP n the set of supports of n-concatenations. 

The construction of the sets AP n can also be done dually. Given any directed path T in 
Q take qi € 1Z{T) and consider the set 

Lf = {qe 1Z(T) : s( qi ) < t(q) < t( Ql )}. 

If L°y 7^ 0, let q2 be such that t(q2) is maximal with respect to all q € L° p . Now assume that 
qi, q2, ■ ■ ■ , qj have been constructed. Let 

Lf +1 = {q e 1Z(T) : s(q 3 ) < t(q) < s^)}. 

If L°? +1 / 0, let qj + i be such that t(qj + i) is maximal with respect to all q G Thus 
(g n _i, . . . , qi) is an n-op-concatenation, we denote by w op {q n -i, . . . , q±) the path from s(q n -i) 
to t(qi) along the directed path T, we call it the support of the concatenation and we denote 
by APn P the set of supports of n-op-concatenations constructed in this dual way. Moreover, 
we denote w op (q n -i, . . . , qi) = w op (q 1 , . . . , q n ~ r ). 

For any w <G AP n define Sub(u>) = {w' G AP n ^\ : w' divides w}. 
Example 1 Consider the following relations contained in a directed path T: 



pi 



P3 



P7 



P2 P5 

Then w = w(pi,p2,P4,P5,P7) is a ^-concatenation, w = w op (pi,p3,p4 : ,pQ,pj) and 

Sub(lti) = {w(pi,P2,P4,P5), W(P2,P3,P5,P6),W(P3,P4:,P6,P7)}. 
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Lemma 3.1 J3 Lemma 3.1] If n> 2 then AP n = AP% P . 

Proof. We will prove that for any n-concatenation (pi, . . . ,p n _i) there exists a unique n- 
op-concatenation (f,..., g™ -1 ) such that w(pi, . . . ,p n ~i) = w op (q , . . . , q n ~ 1 )- The converse 
statement can be proved similarly. First observe that w(p\) = w op (pi) and w(pi,p2) = 
w op {p\,p 2 ). Assume that n > 3. It is clear that g n_1 = p n -\ since they are relations in 1Z 
contained in the same path and sharing target. When we look for q n ~ 2 we can observe that 
the maximality of its target implies that t{p n ^ 2 ) < t(q n ~ 2 ). Since elements in 1Z are paths of 
minimal length, s(p n - 2 ) < s(q n ~ 2 ). Now t(q n ~~ 2 ) < t(q n ^ 1 ) = t(p„-i) says that q n ~ 2 / p n -\ 
and the minimality of the starting point of p n -\ says that s(q n ~ 2 ) < t(p n ^). Then 

s{p n ~2) < s(q n ~ 2 ) < t(p n - 3 ) and t(p n - 2 ) < t{q n ~ 2 ) < i(p„_i). 

Now we describe g ra_3 : since s(q n ~ 2 ) < t(p n —s) < s(p n _i) = s(q n ~ 1 ) the maximality of the 
target of q n ~ 3 implies that t{p n -^) < i(g n ~ 3 ). Since elements in 1Z are paths of minimal 
length, s(p n _ 3 ) < s{q n - 3 ). Now t(g n " 3 ) < s(g n " 1 ) = s(p n _i) < i(p„_ 2 ) says that q n ~ 3 ^ 
p n -2 and the minimality of the starting point of p n -2 says that s(g ra_3 ) < t{p n -^). Then 

s(pn-3) < s(v n ~ 3 ) < t{Pn~i) and t(pn-s) < t(q n ' 3 ) < i(Pn-2). 

Since s(q n ~ 3 ) < t(p n _4) < s(p n - 2 ) < s(q n ~ 2 ) we can continue this procedure in order to 
prove that, for j = 2, 3, . . . , n — 2, the element q n ~° is such that 

s(p n -j) < s(q n ~ j ) < t(p n _j_i), t(p n -j) < t(q n ~ j ) < t(p„_j+i) 

and 

s(q n ~ j ) < i(Pn-i-l) < s{Pn-i+l) < s(q n ^ +1 ). 

Finally the minimality of the source of p 2 and the inequality i(pi) < t(q 1 ) < t(p 2 ) shows 
that q 1 = pi . □ 

Lemma 3.2 If n,m > 0, n + m > 2 i/ien any u;(pi, . . . ,p n +m-i) £ AP n+m can be written 
in a unique way as 

W(pi, . . . ,p n +m-l) = (n) W U W {m) 

with ( n \v = w(pi, . . . ,p n -i) £ AP n , u>( m ) = w op (q n+1 , . . . , g n + m ^ 1 ) g APm and u a path in 
Q. Moreover, p n = a u b and q n = a' u b' with a, a', b, b' non trivial paths, and hence u £ V . 

Proof. From Lemma 13.11 wg know that w{jp\^ . . . ,p n +m— l 

) = w op (q 1 , . . . , q n+m 1 ). It is 
clear that w(pi, . . . ,p n -i) €E AP n and w op (q n+1 , . . . , g n + m_1 ) £ APm- In order to prove the 
existence of a path u we just have to observe that the proof of the previous lemma and the 
definition of concatenations imply that 
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Finally, the relation of u with p n and q n follows from the inequalities 

S(p n ) < tipn-t) < S(q n+1 ) < t( Pn ) 

and 

s(q n )<t(p n -l)<s(q n+1 )<t(q n ). 

□ 

Now we want to study the sets Sub(w) in some particular cases. Observe that for any 
w 6 AP n , ipi = w op (q 2 ,--- ,q n ~ 1 ) and V>2 = w(pi,--- ,p n -2) belong to Sub(ui) and w = 

Lemma 3.3 If w = w(pi, . . . ,p n _i) € AP n is such that pi has length two for some i with 
1 < i < n — 1, then \ Sub(u>)| = 2. 

Proof. Assume that pi = q/3. If % = 1, then any n — 1-concatenation different from 
(pi, . . . ,p n -2) and corresponding to an element in Sub(w) must correspond to a divisor of 
w(j>2, ■ ■ ■ ,Pn-i), hence it is equal to (p2, ■ ■ ■ ,p n -i)- The proof for i = n — 1 is similar. If 
1 < i < n — 1 and w € Sub(w) then w also contains the quadratic relation pi and by the 
previous lemma we have that 

w = (Ou, w = (fiw 

with t(} l 'w) = t(^w) and s(tf^ n ~^) = s(tt)^ n ~ 1_J )). Then w is ^te u)i or W2 w^ n ~ l \ where 
vb\ is the unique element in Sub(tt;( n ~"*)) sharing source with ui( ra_J ) and W2 is the unique 
element in Sub^iu) sharing target with ( i \v. □ 

Lemma 3.4 If w = w(p\,--- ,p n -i) = w op (q 1 ,--- ,q n ~ l ) and q m has length two for some 
m such that 1 < m < n then q m = p m and q m ~ 1 = p m _\. 

Proof. Let q m = a/3. In the proof of Lemma 13. II we have seen that 

s(q m )<t(Pm-l)<t(q m - 1 ). 

Now s(q m ) = s(a) and t(q m ~ l ) = t(a), so t(p m -i) = t(q m ~ l ) and hence p m _i = q m ~ l . 
Analogously, 

s(q m+1 ) < t{p m ) < t(q m ), 

s(q m+1 ) = S (J3) and t(q m ) = so t{p m ) = t(q m ) and hence p m = q m . □ 

In some results that will be shown in the following sections, we will need a description 
of right divisors of paths of the form wu, for w the support of a concatenation and u G V . 
Their existence depends on each particular case as we show in the following example. 
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Example 2 Let w = w(pi,p2,P3,P4) £ AP§, u £ V with t(w) = s(u). Observe that the 
existence of a divisor ip £ AP n , for n = 4, 5 such that wu = L(ifj)ip depends on the existence 
of appropiate relations. For instance, if wu is the following path 



pi 



V-', 



v> 



Pi 

«3 



the existence of ip = ^^(q 1 , q 2 , q 3 , q ) depends on the existence of a relation whose ending 
point is between s(q 3 ) and s(q 4 ). 

Part of the following lemma has also been proved in [3, Lemma 3.2]. 

Lemma 3.5 If n is even let w = w(pi, ■ ■ ■ ,p ra -i) £ AP n . 

(i) If v = v op (q 2 , ■ ■ ■ , q 71-1 ) € AP n —i is such that w a = b v AP n+ i with a, b paths in Q, 
a £ "P then t(p\) < 5(^2), and 

(ii) If u = u op (q l , • • • , q n ~ l ) £ AP n is such that w a = b u £" AP n+ \ with a, b paths in V 
then there exists z £ AP n+ \ such that z divides the path T that contains w and v and 
t{z) = t(u). 

Proof. 

(i) The assumption a £ V implies that 

s(Pn-l) < S{ct- X ) < t{p 

n-lj 

and moreover 

s{p n -i) < s^™" 1 ) < t(p n _ 2 ) 

since otherwise w a £ AP n+ \ because q n ~ l would belong to the set considered in order 
to choose p n . Now 

q n ~ 2 = Pn-i or t{pn-x) < t(q n ~ 2 ) and hence s(p„_i) < s(q n ~ 2 ) < s(q n ^). 

Now gi n_3 is such that s(j? n _3) < s(q n ~ 3 ) < s(g ,n ~ 1 ). The minimality of s{p n -2) says 
that 

s(p n - 3 ) < s(q n ~ 3 ) < t(p„_4). 
An inductive procedure shows that 



s(p n - 2 j+l) < s(q n 2j+1 ) < t(pn- 2 j) 
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and 

q n ~ 2j = Pn-2j+i or t(p n - 2j+1 ) < t{q n ~ 2j ) and hence s(p n ^ 2 j+i) < s{q n ~ 2j ) < s(q n - 2j+1 ) 
for any j such that 1 < 2j — 1, 2j < n — 1. In particular, since n is even we have that 

q 2 = p 3 or s(p 3 ) < s(q 2 ) < s(q 3 ) 

and hence t(p\) < s(q 2 ). 

(ii) In order to prove the existence of z we have to show that there exists q° € 1Z(T) such 
that z = z op (q°,q 1 , ■ ■ ■ ,q n ~ l ) belongs to AP n+ i, that is, we have to see that the set 
{q G 1Z(T) : s(q ) < t(q) < s(q 2 )} is not empty. Suppose it is empty. The assumption 
b £ V implies that s(q 2 ) < t(j>i), a contradiction from (i). 

□ 

Lemma 3.6 /3J Lemma 3.3] If m > 1 and w G AP2 m +i then | Sub(u>)| = 2. 

Now we are ready to describe the minimal resolution constructed by Bardzell in [3]: 

. . . — > A ® kAP n ® A -^S A ® kAPn-x ® A — > . . . — > A ® kAP ® A A — > 

where kAPo = kQo, kAP\ = kQi and kAP n is the vector space generated by the set of 
supports of n-concatenations and all tensor products are taken over E = kQo, the subalgebra 
of A generated by the vertices. 

In order to define the A-A-m&ps 

d n : A(g kAP n ® A -> A ® kAP n _\ ® A 

we need the following notations: if m > 1, for any w £ AP2 m +i we have that Sub(w) = 
{-01 , -02 } where w = L(ipi)ipi = ip2R(ip2)', and for any w S AP2 m and -0 € Sub(u>) we denote 
ui = L(ip)ifjR(ip). Then 

/z(l®ej®l) = 

® a ® 1) = a® e t ( a ) ® 1 - 1 ® e s(a ) ® a 

cf 2 m(l®u>®l) = Yl L{i[>) ®np ® R{ip) 

i/>GSub(tu) 

d 2 m+l(l ® W® 1) = L(V-l) ® Ipi ® 1 - 1 ® V>2 ®R{lp2) 

The E 1 - A bilinear map c : A ® &AP n _i ® A ->■ A ® A:AP n ® A defined by 

c(a®V®l)= L(w) ® w ® R(w) 

w€AP n 
L(w)w R(w)=aif) 

is a contracting homotopy, see |17} Theorem 1] for more details. 
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4 Computations 



The Hochschild complex, obtained by applying Hom^_^(— , A) to the Hochschild resolution 
we described in the previous section and using the isomorphisms 

Kom A -A(A <g) kAP n ®, A) ~ Hom E _ B (MP ri , A) 



is 



where 



— > Rom E _ E (kAP ,A) A> Hom E -E(kAPL,A) A- Hom E - E (kAP 2 , A) 



F i (/)(<*) = oif{e t{a) ) - f(e s(a) )a 

F 2m (f)H = Y, LWfWRW 

ip&Sub(w) 

7 2m+l(/)H = L^l)/^!)-/^)^)- 



In order to compute its cohomology, we need a handle description of this complex: we will 
describe explicite basis of these /c-vector spaces and study the behaviour of the maps between 
them in order to get information about kernels and images. 

Recall that we have fixed a set V of paths in Q such that the set {7 + / : 7 € V} is 
a basis of A = kQ/I. For any subset X of paths in Q, we denote (X//V) the set of pairs 
(p, 7) G X x V such that p, 7 are parallel paths in Q, that is 

{XI IV) = {(p,7) G * x V : a(p) = s( 7 ),t(p) = i( 7 )}. 

Observe that the /c-vector spaces Honi£!_£(A;^4i :> ri , A) and k{AP n / /V) are isomorphic, and 
from now on we will identify elements (p, 7) G (AP n / /V) with basis elements /( P)7 ) in 
Honig-^fcAPn, A) defined by 



/(P,7)H 



7 if u; = p, 
otherwise. 



Now we will introduce several subsets of (AP n / /V) in order to get a nice description of the 
kernel and the image of F n . For n = we have that {APq/ /V) = (Qo,Qo)- For n = 1, 
(APi//"P) = (Q1//V), and we consider the following partition 

(Qi//P) = (i,i)iU(o,o)i 



9 



where 



(M)i 

(0,0)! 



{(a, a) : a G Q\) 
{(a, 7 )G(Qi//^):«/7} 



For any n > 2 let 



(0,0) n = 

(1.0) „ = 

(0,l) n = 

(1.1) n = 



{(p^eiAPJ/V) 
{(p, 7 )e(AP n //V) 
{( pn )e(AP n //V) 
{( pn )e(AP n //V) 



p 



p 



p 



p 



a±pa2 and 7 ^ ot\kQ U kQct2} 
ctipa2 and 7 <G a\kQ,^ fcQa^} 
ai/5a2 and 7 a\kQ^ G fcQa^} 
ai/5«2 and 7 € a\kQai\ 



Remark 1 

i,) These subsets are a partition of (AP n / /V). 

2) Any (p, 7) G (AP n //V) verifies that p and 7 /icwe at most one common first arrow 
and at most one common last arrow: if p = ct\. . . a s f3~p and 7 = a.\ . . . a s 5j, with (3, 5 
different arrows, then a s (3 G /. Since a± . . . a s is a factor of 7, and 7 belongs to V, 
then ai ■ ■ -Oi s g" I . But the n- concatenation associated to p must start with a relation in 
1Z(T), so s = 1, this concatenation starts with the relation a s /3 and the second relation 
of this concatenation starts in s(/3). 

3) If (p, 7) G (l,0) n; p = aip, 7 = ai7 then p G AP n _i and (p,j) G (0, 0) n _i. The same 
construction holds in (0, l) n . Finally, if (p, 7) G (1,1)„, p = ct\pct2,~i = 01702 then 
p G AP„_ 2 and (p, 7 ) G (0,0)„_ 2 . 

4) 7/(p,7) G (AP2//V) = (7Z//V), we have already seen that p and 7 have at most one 
common first arrow and at most one common last arrow. Assume that p = u\a,2p~, 
7 = ai/37. Since A is a string algebra and 7 g" I we have that ct\oi2 G / and hence 
p = a\ct2- Since we are dealing with triangular algebras, we also have that p and 7 can 
not have simultaneously one common first arrow and one common last arrow. Then 



(1,1)2 = 

(1,0)2 = {(p,7)€{K,V):p 
(0,1)2 = {(p,-y)€(K,P):p 



aia 2 ,7 G a\kQ,^j g" kQa 2 } 
«1Q!2, 7 ctikQ, 7 G kQa.2}. 



10 



We also have to distinguish elements inside each of the previous sets taking into account the 
following definitions: 



+ {X//V) = {(p,7)e(X//P):Q l7 £I} 
-{XI IV) = {(p, 7 )G(I//P):Qi7C/} 

In an analogous way we define (X//V) + , (X//V)-, + (X//V) + =+ (X//V) D {X//V) + and 
so on. 

Finally we define 

(!> °)n ~ = {{Pi 7) G (!, 0)~ : p = ai/5a 2 , 7 = ai7, 7<2i C 1} 

( 1 ; °)n + = {(P>7) £ (! 5 0)n : P = aipa2,7 = ai7>7Qi £ /} 
(0, l) n = {(p,7) G~(0, l) n : p = Qi/5a 2 ,7 = 7a 2 ,Qi7 C /} 

+ ~(0, l) n = {(p,l) e ~(°> !)n : 9 = aipa 2 ,7 = 7«2,<2i7 t !} 
Now we will describe the morphisms F n restricted to the subsets we have just defined. 

Lemma 4.1 For any n > 2 we have 

(a) -(0,0)-^ U (l,0)-_! U -(0,l) n _iU(l,l) n _i CKerF n ; 

(b) the function F n induces a bijection from ~ (0, 0)^—1 to (0, l) n ; 

(c) the function F n induces a bijection from + (0, 0)~_ 1 to (1,0)~~; 

(d) there exist bijections 4> m : (1,0)+ — > + (0, l) m and tp m : (1,0)~ + — > H (0, l) m such that 

(id +(-l) n -Vn-i)((l, ())+_!) CKerF n , 

(-l) n fn((l, 0)+_l) = (l,l)n 

and 

^n( + (0,0)+_i) = («* + (-1)>„)((1,0)+) U (id+ (-l)^ n )((l,0)-+). 

Proof. 

(a) In order to check that (/?, 7) belongs to Ker F n we have to prove that for any w G 
AP n such that p divides w, that is, w = L(p)pR(p) and |£(p)| + |-R(p)| > 0, then 
L(p) 7 R(p) G /. 

If (p, 7 ) G -(0,0)^ then L(p) 7 R(p) G J. 

If (p, 7 ) G (l,0) n _ 1 then jR{p) G I if |-R(p)| > 0. On the other hand, if to = L(p)p we 
can deduce that L(p)j G / using Remark Q] (2): if L(p) I then the first relation in 
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the n-concatenation corresponding to w has a,\ as it last arrow and 7 = 017. 
The proof for ~(0, l) n _i is analogous. 

Finally, if (p, 7) G (l,l) n _i, the statement is clear for n = 2,3. If n > 3 and p = 
ctipai2, from Remark [1] (2) we get that if |£(p)| > then the first relation in the n- 
concatenation corresponding to w has a\ as it last arrow, and if |-R(p)| > then the 
last relation has «2 as it first arrow. The assertion is clear since 7 = a±ja2 and hence 
L(p)-/R(p) = L(p) ai ^a 2 R(p) G I. 

(b) If (p, 7) G ~(0, 0) + _ x there exists a unique arrow /3 such that 7/3 G P. It is clear that 
pP G AP n , (p/3,7/3) G — (0,l) n and F n (/ (p>7) ) = (-l) n / ( ^ i7/9) . 

(c) Analogous to the previous one. 

(d) If (ap, 0:7) G (1, 0)+ then there exists a unique arrow j3 such 07/? G P. It is clear that 
pG AP m _!, (p, 7 ) G + (0, ())+_!, (p/3,7/3) G +(0,l) m and (ap/3,a 7 /3) G (l,l) m+ i. The 
statement is clear if we define 4> m (ap, 07) = (p/3,7/3) since 

Fm+l(f(p/3,jP)) = f(ap/3,aj/3) = ( — l) m+1 -^m+l {f(ap,aj) ) • 

In a similar way we can see that if (ap, 07) G (1, 0)^ + then there exists a unique arrow 
/3 such 7/3 G T 7 . Now we have that p G AP m _i, (p,<y) G + (0,0)+_ 1 and (p/3,7/3) G 
H (0, l) m , so it is enough to define ijjmiap,^) = (p/3,7/3). 

Now if (p, 7) G + (0, 0)+^ there exist unique arrows a, /3 such that 07 G and 7/3 G V. 
If 07/3 G V then (ap, 07) G (1,0)+ and 4> m (ap, 07) = (p/3,7/3) G + (0, l) m . If a7/3 G / 
then (ap, 07) G (1,0)^+ and tp m (ap,a ; y) = (p/3,7/3) G H (0, l) m . In both cases 

^m(/(p,7)) = f{ap,afj + (-1)™ f(pPal3)- 

□ 

Lemma 4.2 For any n > 2 we have that 

dim k KerF n = |-(0, 0)-_ x | + |(l,0) n _i| + |~(0, l)„_i| + |(l,l)n-i| 

and 

dim k ImF n = | — (0, 1)„| + |(l,0) n | + |(l,l) n |. 
Proof. From the previous lemma we have that 

dim k KerF n = r(0, 0)^1 + |(l,0)-_ x | + |-(0,l) n _i| + |(M)n-l| + 1(1, 0) + _xl, 

but 

|(l,0)„-l| = |(l,0)-_ 1 | + |(l,0) + _ 1 |. 
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Moreover 

dim k ImF n = | — (0,1)«| + |(1,0)~| + |(l,l)n| + |(1,0)+| + |(1,0)-+)|, 

but 

|(i,o) n | = |(i,o)--| + |(i J o)- + | + |(i,o)+|. 

Theorem 4.3 If A is a triangular string algebra, then 
dim k HH n (^) = < 



□ 



1 ifn = 0, 

|Qi| + r(0,0)J-|-|Qo| + l ifn = l, 
[| + -(0,l)„| + |-(0,0)-| ifn>2. 



Proof. It is clear that HH°(A) = Ker.Fi is the center of A, and has dimension 1 since A 
is triangular. This implies that 

dim k ImFi = \(Qo//Qo)\ -dim k KerFi = \Q \ - 1. 

So 

dim k HH x (A) = dim k KerF 2 - \Q \ + 1 = |(1, l)i| + |~(0,0)i | - \Q \ + 1 
since (l,0)i = = (0,l)i, and |(l,l)i| = |Qi|. Finally for n > 2 

dim k HH n (A) = dim k Ker F n+1 - dim k Im F n 

= |(1, 1)„| + |(l,0) n | + I" (0, l)n\ + |~ (0,0)" | - |(l,0) n | - |(1, l) n | - |~(0, l) r 

= |+-(o,i) n | + |-(o,o)-| 

□ 

The following corollary includes the subclass of gente algebras, that is, string algebras 
A = kQ/I such that I is generated by quadratic relations and for any arrow a G Q there is 
at most one arrow /3 and at most one arrow 7 such that a/3 € / and 7a € /. 



Corollary 4.4 If A is a triangular quadratic algebra, then 
dim k HH n (A) = < 



1 i/n = 0, 

|Qi[ + |-(0,0)n-|Qo| + l ifn = l, 
L|-(0,0)-| ^/n>2. 



Corollary 4.5 |21 Theorem 5.1] If A is a triangular string algebra, the following conditions 
are equivalent: 
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i) HH 1 ^) = 0; 

ii) the quiver Q is a tree; 
in) RW(A) = fori> 0; 
iv) A is simply connected. 

Proof. It is well known that for monomial algebras, A is simply connected if and only if 
Q is a tree. If HH 1 ^) = 0, observing that | _ (0,0)7| > we have that |Qi| - \Q \ + 1 = 0. 
Then the quiver Q is a tree. All the other implications are clear. □ 

Example 3 Let A n = kQ/I with 



Q : 



a -2 



#2 



n 



1 



and I =< aiati + i, AA+i >{i=l,- ,n-i} 
dimEIP (Ax) = 



n > 1. T/ien 



1 i/i = 0, 
3 ifi = l, 
otherwise, 



2m 



1 ifi = 0, 
2m if i = 1, 
otherwise 



and 



dim HIT (A 



2m+l, 



1 i/i = 0, 
2m + 1 if i = 1, 

2 i/z = 2m+l, 
otherwise. 



5 Ring structure 

It is well known that the Hochschild cohomology goups HEP (A) can be identified with the 
groups Fixt l A _ A (A, A), so the Yoneda product defines a product in the Hochschild cohomology 
]^ i>0 HH*(^4) that coincides with the cup product as defined in [T2j [13] . 

'Given [/] G HH m (,4) and [g] G HE™ (A), the cup product [g U /] G HH n+m (^) can 
be defined as follows: g U / = <?/ n where / n is a morphism making the following diagram 
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commutative 



A <g> kAP m + n ® A ^ A ® fcAP m+n _i ® A ^ . 



m+n 
/n 

A ® /cAP„ <g> A ■ 



d„ 



fn-1 

A ® kAP n _i C 



A- 




A <g> kAP ® A 



.4 



In particular we are interested in maps / G Hom^_^(A ® kAP m ® A, A) such that the 
associated morphism / G HomE_£: (A; AP m , A) defined by /(to) = f(l is in the 

kernel of the morphism F m+ \ : Horri£_£(AAP m , A) — > Hom£_£(fcAP m+ i, A) appearing in 
the Hochschild complex. 

For any m > we will use Lemma 13.21 in order to the define maps f n that complete the 
previous diagram in a commutative way. Recall that if n > any w = w(p±, . . . ,p m + n -i) G 
AP m+n can be written in a unique way as 



w = {n) w u 



with ( n V> = w(pi, . 



,Pn-i) G AP n and = w°v{q n+1 
f n :A<2> kAP n j rm 



n+m— 1) 



G AP m . Let 



A ->• A ® /cAP n <g> A 



be defined by 

/n(l®w®l) 



1(8)1® /(to) ifn = 0, 

E ^eAP„ Lty)®1>®RU>)f(w<ri) ifn>0. 



L(i/;)V'i?(V')= ( " ) w« 

Remark 2 From Lemma \3.S\ and Lemma we can deduce that if n is even then 

/„(1 ® w ® 1) = 1 ® ® u /(w (m) ) 

because w(p\, ■ ■ ■ ,p n ) = u b and hence 

tp G Sub(w(pi, • • • ,p n )) = {ipi,ip2 = w(pi, ■ ■ ■ ,Pn-l)}- 

But b is a non trivial path, then L(tp)ijjR(ip) = ( n \v u implies that if) = ^2 = ^w. 

Proposition 5.1 Let m > and let f G Hom^_^(A ® kAP m <g> A, A) 6e such that f G 
KerP m+1 . Then f = fif and f n -\d m+n = d n f n for any n > 1. 
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Proof. It is clear that / = p/o since for any w € AP m we have that 

/i/o(l ® w ® 1) = p(l ® 1 ® f(w)) = f{w) = /(l ® to ® 1). 

Let n > 1 and let u> £ v!P ra + m . By Lemma 14.11 we have that / is a linear combination of 
basis elements in~(0,0)~, (1,0)~, ~(0, l) m , (l,l) m and (id + (— l) m <^> m )((l, 0)+ . The proof 
will be done in several steps considering / = f< Pjl \ with (p, 7) belonging to each one of the 
previous sets. 

(i) Assume (p, 7) £ _ (0, 0)~. Using that Qif(w^) C I we have that 

/„(1®u;®1)= ^ L(i/])®ifi®R(iP)f(wW)=L(ip)®iP®f(wW) 

if there exists if) € ^4-P n such that L(ip)ip = ( n \vu and zero otherwise. In the first case 
<4/„(l ® u> ® 1) = L{iP)L{4>)®<t>®R{<t>)f{w {m) ) 

L{<j>)4>R(ct>)=i> 

= L{if))L{4>) ®^)®/(u» (m) ) 

for (f> € AP n _\ such that L(ip)L((j))(f> = L(ip)ip = ^wu. On the other hand, if n + m is 
even, 

/ n _!d n+m (l ® «; ® 1) = / n _i Yl L W) R &') = ^(^')/n-l(l ® $ ® 1) 

\V>'eSub(«)) / 

with V' such that L(^')V' / = w since f(ip'^)R(tp') C f{ip' {m) )Qi C J for any ^' such 
that > 0. In case n+m is odd we get the same final result. Now Qif(i^'^ m ^) C / 

and ip' = ( ft-1 tyW m ) | then 

L(^')/n-i(l ® ^ ® 1) = WW) ® ^ ® /V m) ) 

if there exists 0' £ such that L(ip')L(<j)')<j)' = L(^/)( n-1 ty/« = ^«>« and zero 

otherwise. 

The desired equality holds because: if ^ and do not exist, both terms vanish. If 
if) exists, then it is clear that 4>' also exists, in fact $ = <f> and L{if)')L{(f>') ® <f>' = 
L(ifj)L(<f>) ® <f>. Finally assume that there is no rp € AP n such that L{if))if) = ( n \juu and 
that cj)' exists with L{if)')L((f>') £ V . If n is even, Lemma l3.5( i) applied on ( n \jU and <f)' 
says that i(pi) < s((f>') and hence L(if)')L(<f>') = 0. If n is odd, Lemma l33T ii) applied 
on ( n-1 V; and implies the existence of if), a contradiction. 
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(ii) Assume (p, 7) S (1, 0) m . Then p = ap = ap\---p s , 7 = 07 and api E 7?-. Then 
/n(l ® w ® 1) = if u/ m ) / p. In this case f n -id n+m (l ® w ® 1) also vanishes: the 
assertion is clear if p does not divide w and, if it does, w = L{p)pR{p) with > 

and f(p)R(p) vanishes. Assume now that This means that w contains the 

relation q n+1 = api, by Lemma EH we have that q n+1 = p n +i and q n = p n , and by 
Lemma |3, 31 we have that | Sub(io)| = 2. Then 

fn-ldn+mil ® w ® 1) = L(^)/ n _i(l ® Vl ® 1) + (-l) n+ "7„-i(l ® V>2 ® l)R(ih) 

= L(^i)/ n _i(l®^i® 1) 

since /(^ m) ) = 0, and ^ = u/>P(g 2 , • • • , = w w ( m ) = v p. If n 

is odd, by Remark [2] we have that 

/n-lrfn+m(l ® ™ ® 1) = ® (n_1 ty>l ® vf(w^) = L(^) ® ® V7, 

and if n is even 

/ n -id„ +m (l ® to ® 1) = Yl L(i>i)L{<j))®cl)®R{<j))-i. 

L( < />)</>i?((/-)=("- 1 Vit) 

On the other hand, w = u u/ m ) = ( n V> u p and 

/ n (l®«;®l) = Yl L W ®1>®Rty)f(w( m) ) 

ipeAP n 
L(»V>-R0/>)= (n W 

= ^ L(ip) ® V ® fl(V0 cry. 

By definition we have that s(p n+ i) < i(p n ) < *(Pn+i)> and p n +i = «Pi so i(p n ) = t(a). 
Then ( n \u « a = and 

{V> E AP„, L(tl>)il>R(il>) = {n) wu} = Sub( (n+1) w) \ {^} 

where t/> = w op (q 2 , • • • , (f 1 ) = ( n_1 ty>i « a and = L(ipi)tp. So 

/ n (l ® w ® 1) = d n+ x{l ® (n+1) w ® 1) 7 - (-l) n+1 L(-0i) ® ip ® 7, 

and hence 

dn/n(l ® ^ ® 1) = (-1)^(^1)^(1 ® $ ® 1)7. 

If n is odd 

ci„(l ® ^ ® 1) = L(^i) ®V»i®l-l®^2® R(i>2) 
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with ^2 = ^ n Rvl>2) = va an d L(tpi)L(ipi) = because 

s(L(^)) = s(pi) < t( Pl ) = tig 1 ) < s(q 3 ) = sfa) = t{L$ x )) 
implies that p\ divides L(ipi)L(ipi). So 

d n fn(l ® w ® 1) = L(V>i) ® 4>2 ® #(^2)7 = £#1) ® (n_1 Vi ® «7- 
Finally, if n is even 

4/ n (l®w®l)= L(^i)L(0)®0®i2(0)7 
</>eAP n _i 

and the desired equality holds since 

{<^> G AP n _x : L(<f>)(t>R(<t>) = l n -%.v} = {<Pe AP n _! : L(<f>)<f>R(<f>) = ^} \ {&} 

and, as we have already seen, L(ipi)L(^)x) = 0. 

(hi) If (p, 7) G (1, l) m then p = ap/3 = api . . . p s (3, 7 = cry/3 and api,p s f3 G 7£. Then 
® w ® 1) = if u>( m ) ^ p. In this case / n _id n+m (l ® k; ® 1) also vanishes: 
the assertion is clear if p does not divide w and, if it does, Lemma 13.31 says that 
I Sub(w) I = 2 and then 

fn-ld n+ m(l ® W ® 1) = L(Vl)/n-l(l ® ^1 ® 1) + (-l) n+m / n -l(l ® V>2 ® 1)-R(^). 

The hrst summand vanishes since = 7^ p. For the second one, observe that 
it vanishes if ip^ ^ p. If = P then ip 2 = w(pi, ■ ■ • ,p n+m _ 2 ) with p n+m -2 = PsP 
and p n+ m-i = PR(ih). Then f(^ m) )R(rp 2 ) = a^pR{^ 2 ) = 0. 

Assume now that = p. This means that w contains the relation q n+1 = ap\ and 
the proof follows exactly as in (ii). 

(iv) If (p, 7 ) G _ (0, l) m then p = p/3 = Pl --- p s (3, 7 = 7/3 and p s /3 G K. Now / n (l®w®l) = 
if u>( m ) ^ p. In this case f n -\d n+rri {l ® w ® 1) also vanishes: the assertion is clear if 
p does not divide w and, if it does, let ijj G Sub(u>) be such that ijj^ = p. Then 

fn—ldn+m 

(1®u>®1) = f n -i(L(^}) ® ^ ® R(ip)) 

J] L(4>)L(0)®<p®R(<j)) 7 R(iP). 

L(</>)</>i?0)= (n_1) »/>u 

Now Q17 C /, then 

/ n _id n+m (l ® w ® 1) = L{^)L{4>) ® ® 7i2(^) 
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if there exists <j> £ AP n ^i such that L(cfi)(J) = ( n-1 \/iu. Since ^ p, we have that 
|i2( , 0)| > and t((3) = s(R(ip)). Now, the relation p s (3 implies that w contains a 
relation starting in /3, and hence jR(ip) = j/3 R(ip) = 0. 

Assume now that = p. Then 

/ n _id n+m (l ® w ® 1) = L(V>i)/n_i(l ® ?/>i ® 1) 
since -^( m ) ^ p for any ip £ Sub(u>),?/' 7^ ^>i< Now 



^ L(4>) ® ® i2(0)7 



</>GAP n _i 
L(^)(/)i?((/ ) )=(' 1 - 1 )V'i^ 



but Q17 C J so 



/ n _ici n+m (l ® it; <g> 1) = L(ipi)L(4>) ® ® 7 
if there exists <^> £ AP n _i such that L((p)(j) = ( n ~ l tyiv and zero otherwise 
On the other hand, 



C?n/n(l ® W ® 1) 



\L(V')V'-R('/')= (n) «'« 
L(tp)d n (l <g>tp <g> 1)7 



if there exists ^ € ^4-P n such that L(ip)ip = ^ n 'wu and zero otherwise. In the first case 
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dn/n(l <S> U> <g> 1) 



<£gAP„_i 
L(4>)4,R{4,)=^ 



H$)L(<f>') ® 0' ® 7 



with i^VOV* = -^(VO-M^')^' = ^wu. If V> and do not exist, the desired equality is 
clear. If ^ exists, then it is clear that 4> also exists, in fact 4> = 4>' and L{ijji)L{(j)) ® = 
L{^)L{4>') ® 0'. 

Finally assume that there is no ^ £ such that L(ip)ifj = ( n Wu and that exists 
with L(^i)L((f>) 6 P. If n is even, Lemma I3.5( i) applied on ( n V; and <f> says that 
< s(4>) and hence L(tpi)L((p) =0. If n is odd, Lemma l53T ii) applied on ( n ~ l >w 
and (/> implies the existence of ip, a contradiction. 
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(v) Finally consider the case for the subset (id+ (— l) m 4> m )((l, 0)+ , that is, (p, 7) € (1, 1), 
p = a/5/3,7 = aj/3 and / = f( a p,aj) + (- 1 ) m /( / 3/3,7/3)- In this case ap 1 ,p s f3 G ft. 

Now / n (l<g)iy<g)l) = if / a/5, p/3. In this case / n _i<i n+m (l(g>w/(g)l) also vanishes: 
the assertion is clear if neither ap nor p/3 divide w. Assume that one of them does, 
then w contains the cuadratic relation ap\ or p s /3, and hence | Sub(w)| = 2. So 

fn-ldn+m{l®W®\) = L(^l)/„-l(l ® Vl ® 1) + (-l) n+ "7„-l(l ® V>2 ® l)fl(^) 

= (-l) n+m / n _i(l^V2 8 1)%) 

since V[ m) = u> (m) # a/5,/5/3. If ^ / a/5,/5/3, then / n _i(l ® ^ 2 ® 1) = 0. If 
V^"^ = ap we have that /3 does not divide u> since otherwise = pf3; in this 

case f(4 >^)R(ip2) = a A fR(ip2) = because \R(ip2)\ > 0, 7/3 / and /3 is not the 
first arrow of R(ip2)- If ipi^ = P$ tnen Pn+m-2 = psfi and p n+m _i = f3R(ip 2 ), so 

/(4 m) )^2)=7W2)=0. 

Assume now that w (m ) = ap. Then ^ n+1 = api = p n +i and 

/n-ldn+mCl®^®!) = Lty>i)/„-i(l Vl ® 1) + (-l) n+ "7n-l(l ® V>2 ® 1)%) 

= L(^i)/„_i(1®^i®1) 
since /(ip^) = 0- Now the proof follows as in (ii). 

If -u/" 1 ) = p/3 assume that a does not divide u>, that is, tp^ / ap. Then q n + m -~ l = 
p s f3 = pn+m-i and 

fn-ld n+m (l ® W ® 1) = L^O/n-lll^V'l^^ + l-l)™ 4 "" 1 /™-!!!® ^2®!)%) 

= L(^i)/ n _i(l®^i®l) 

since /(ip^) = 0- Now t ne proof follows as in (iv). 

Finally, assume that = pj3 and that a divides w. In this case V^™"* = a P-> 

Pn = a Pl = q n , pn+m^ = p r f3 = q ^~\ w = ("WW. So 

d n / n (l <8> w <8> 1) = d n (l ® ® l)/(/5/3) = (-l) m (i n (l ® ("^ ® 1)7/3. 

On the other hand, iw contains a quadratic divisor so Sub(u;) = {ipi,tp2}, and R{ip2) = 
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(3. Then 

/ n _id n+m (l ® w <g> 1) 



L(^l)/ n _l(l Vl ® 1) + (-l)" +m / n -l(l ® V<2 <8) 1)^(^2) 
= L(^) ® ( n ~% ® /(/S/3) 

+ £ L(^)(»tf>®R(<f>)f(ap)P 

L(0)0i?(()!.)=( n ~ 1 V2M 

= (-l) m L(V>i) ® (n_1 Vi ® 7/9 

L(<t>)<t>R(<l>)=^- 1 1ij2U 

The equality follows since ( n \v = ( n— ^ty^ua = L(^i)( n ~ 1 ^i and 

Sub(Ho) = U {0 6 AP n _i : L{<t>)<t>R{<f>) = ( n - 1 V 2 «}- 



□ 



In order to describe the product [g U /] we need to choose convenient representatives of 
the classes [/] and [g], see [5]. Given / £ Hom^_^(^4 ® kAP m ® ^4,^4) we define /- and /- 
as follows: we start by considering basis elements /( Pi7 ) 



'(at) 



/(P,7) 



if (p, 7 ) G (0,0) m . 
»0» )7 ) if (Pi7) G (1,0)+. 

(-lr- 1 /^^) if (p, 7) e (1,0) 


/(p,t) 




if (p >7 )€(l,0) 

if (p, 7 )e(0,l) 

if (p j7 )€(l,l) 



m , 
m 1 
rn , 
rn 



and 



(P.7) 



/(P,7) 



if Go, 7) G (0,0) m , 
if (p, 7 ) G+(0,l) m , 

"(0,l) m , 
if (p, 7 ) e —(0,l) m , 
if G9, 7 ) G (1,0) 

rn , 

if (p, 7 ) G (l,l) m 

and then we extend by linearity. By Lemma 14.11 we have that / — /,/ — / € Imi^ for 
any to > 0, and hence [/] = [/-] = [/-]. Moreover, observe that /- is a linear combination 
of basis elements in (0, 0) m U (0, l) m and /- is a linear combination of basis elements in 
(0,0) m U(l,0) m . 



( 1 ) m f&?<j>,i) 
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Theorem 5.2 If A is a triangular string algebra andn,m > then HH n (A) L)HH m (A) = 0. 

Proof. Let [/] G HH m (A) and [g] G HH n (A). We will show that [g^ U f^} = 0. Let 

w G AP n+m , w = u w^ m > then 

^ U /^(l ® ti; ® 1) = ^ L(^(VW)/-(™ (m) )- 

L(i/>)</>RW>)= (n) «' « 

Since / G KerF m and 5 G Keri 7 ^, we know that / and g are linear combination of basis 
elements as described in Lemma [4. li Moreover, f— is a linear combination of basis elements 
in _ (0, 0) _ U (1,0) and g— is a linear combination of basis elements in ~(0, 0) _ U (0, 1). 

The vanishing of the previous computation is clear if /- or g— are basis elements associ- 
ated to pairs in ~(0, 0)~ because for n, m > we have that > and \ f-(w^ m ')\ > 0. 
Finally, if /- is a basis element associated to a pair (0/3,07) G (1,0) and g— is a basis ele- 
ment associated to a pair (p'/3, j'/3) G (0, 1) then we only have to consider the summand with 
■ip = p'/3 and = ap. In this case w verifies the following conditions: p n +\ = q n+l = ap\, 
( n ^w u, and hence also ( n+1 \i>, contains the quadratic relation p' s /3, by Lemma [3.3l the element 
( n + 1 ) w nas exactly two divisors, one of them sharing the ending point with ( n+1 \jj, so ip = 
and p n = (3ua. Now the summand we are considering is 

L(^%)i?(V0/-(^ M ) = g^( (n) w)uf^(w^) 

= 7 /3ucry 

= l'Pnl = 0. 

□ 
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